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Abstract. Starting from the photon self-energy tensor in a magnetized medium, the 
3D complete antisymmetric form of the conductivity tensor is found in the static limit 
of a fermion system C non-invariant under fermion-antifermion exchange. The massless 
relativistic 2D fermion limit in QED is derived by using the compactification along the 
dimension parallel to the magnetic field. In the static limit and at zero temperature 
the main features of quantum Hall effect (QHE) are obtained: the half-integer QHE 
and the minimum value proportional to e^//i for the Hall conductivity . For typical 
values of graphene the plateaus of the Hall conductivity are also reproduced. 
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1. Introduction 

In 2004, graphene - genuine monolayer of carbon atoms in a honeycomb array - was 
obtained experimentally [H [2] . The theoretical description of this material was studied 
with some anticipation |3]-|4] to the experimental results [5]- [7] and the analogy to the 
2D quantum electrodynamics and some particular features of this system were examined 
in the 1980s [8]-[T0]. The experimental confirmation of its existence obtained as isolated 
individual graphene layers leads to increase the theoretical and experimental studies of 
its properties with the aim to look for nanoescale electronic applications. 

Theoretically, its properties are essentially described by Dirac massless fermions 
(electrons) in two dimensions. This system is relativistic in the sense that the spectra 
of electrons and holes can be mimicked as two-dimensional relativistic chiral fermions 
where electrons and holes move at velocities vp ~ lO^m/s one hundredth the speed of 
light [H]. 

Being the quasiparticles chiral charged massless Dirac fermions, this has triggered 
a lot of papers from physicists from high energy physics (for exhaustive review see Ref. 
[T2] and references therein). From the point of view of high energy physics graphene 
could be interesting to test some quantum field theories and their features in the well 
known QED, in table top experiments [13] and provides the possibility to explore exotic 
phenomena which could be important for cosmology and astrophysics [T^-|15]. 

Emerging from theoretical studies of graphene by methods and technics from 
Quantum Field Theory (QFT) and condensed matter physics, one of the main challenges 
is to gain understanding and matching between both descriptions and interpretations. 

On the other hand the boom in the applications demand the study of transport 
properties [16], [IT], such as conductivity [IE]- [20] and QHE [21]- [29], theoretically as 
well as experimentally [30]-[38]. 

The most remarkable result related to the graphene Hall conductivity is the typical 
plateau structure for integer quantum filling factors and the non-zero value of the Hall 
conductivity when the carrier density goes to zero [TT] and these properties have been 
related to the relativistic nature of the graphene dynamics |32j-[37j. 

The effect has been observed for densities around lO^^cm"^, magnetic fields strength 
in the range of 15 — 25T even at room temperature. 

Inspired by these results of QH of graphene we have as a main goal of the present 
paper to revisit the relativistic QHE, especially the 2D case. Our starting point will be 
the conductivity tensor derived in the static limit from the quantum relativistic electron 
self-energy tensor in QED in presence of a magnetic field. 

As different to [41j in which 3D and 2D QHE was studied with the motivation to 
apply the results to condensed matter physics, in the present paper we consider it as 
model for graphene-like systems. We start from the simple model of a charged fermion- 
antifermion plasma in a magnetic field which is also interacting perturbatively with an 
electromagnetic wave. The study was done by using the methods of finite temperature 
quantum field theory in the search of its kinetic properties. Two properties are found 
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for the conductivity tensor. First, in the static hmit, w = 0, = 0, it is found that 
the conductivity tensor is given by a complete antisymmetric expression for the 3D as 
well as 2D cases. Second, the Hall conductivity as a function of the external magnetic 
field in the 2D case exhibits the typical plateaus structure of the integer QHE at zero 
temperature limit under the hypothesis of variable number of particles |12]-|13]. The 
formalism is a general method, also valid for studying the cases u 0, and k 0. 

The outcomes of the present paper are interesting due to several facts: first, we 
find the conductivity tensor for both the 3D and 2D cases, by starting from a massive 
system, for which we get the massless limit. (The 2D is obtained as a compactification of 
the 3D case, since we are interested in the Hall conductivity of a graphene- like system). 
Second, our general expressions can be used for studying the static as well as the non- 
static limits. Third, the non-vanishing of the conductivity in the lowest Landau level 
occupancy (leading to the magnetic catalysis) is a consequence of the C-non-invariance 
of the system. We must also mention that our basic equations may be used also for 
studying wave propagation phenomena, such as Faraday effect; this, however, is out of 
the scope of the present paper. 

Our results are valid at the one-loop level, for magnetic fields not very high 
{B « 20 T). Experimental results |11],|15] suggest that higher magnetic fields would 
demand to introduce higher loops. 

The paper is organized as follows. In section [2] we briefly recall the expression for 
the charged fermions Green function in a constant magnetic field |39], in section |3] is 
obtained the current density and Hall conductivity starting from the photon self-energy. 
In Section H] the QH conductivity is found for the 2D massless fermion system using 
the compactification of z-dimension. Finally it is shown the QHE for the graphene-like 
system. The conclusions are drawn in section |5l 

2. Green functions for charged fermions in presence of a magnetic field 

In this section we outline how to obtain the one particle Green function in a medium, 
e.g., for a system of charged fermions in presence of the constant magnetic field at finite 
temperature T = and density characterized by a chemical potential /i. It is necessary 
for the calculation of the photon self-energy tensor from which the conductivity tensor 
will be found. In this section we will take m 7^ in our expressions and in the next 
Section we will take the limit m = 0. 

The temperature dependent Green function for a gas of charged and fermions and 
anti-fermions in a constant external magnetic field (which we will take parallel to the 
third axis) A^, = BxiS2u, is given by the solution of the Dirac equation 



where z/ = 1, 2, 3, 4, 84, = d/d^ — fi, and /i is the chemical potential of the system. The 
temperature Green functions are determined by (II]) for —f3 < X4 < f3, where (3 = k 
is the Boltzmann constant. For simplicity we use k = h = c and recover the units at 
the end of the paper. 




(1) 
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According to the established procedure, to obtain the solution of ([T]) we start 
from the Fourier transform in time of the time dependent Green function, the Fourier 
parameter po is then continued to the complex value —ip^ + /x, and the resulting 
expression, multiplied by e*^*'^'', is summed over the Matsubara frequencies p^ = I?£±ilZL^ 
and s runs from —oo to —oo. The time dependent Green function can be built from the 
solutions of the Dirac equation in relativistic quantum mechanics. We use the following 
energy eigenf unctions, according to |17]-|l8], the signs ± correspond to positive and 
negative energy solutions, respectively 



' ^n,p3 =1= 1^ \l/2^ip2X2+ip3X3 



n,P3 







(£„,P3±m) 
±m) 



'■.P3 



(2) 



P2 ,P3,n, — l^ 



n,P3 







TP3 



■MO 



J 



\ (£„,p3±m) ' 

Here the subindex {p2,p3,n,a) refers to the P2,P3 momenta, to the total quantum 
number n and to the spin as-eigenvalues cxs = ±1, respectively. The energy eigenvalues 
are 



-'n,p3 - \i'pI + m? + 2neB. (3) 

These are two fold spin degenerate, except for n = 0,0-3 = —1, and are also p2 
degenerate. 

We have written ^ = \/eB{xi + Xq), with xo = P2/eB being the eigenvalue of the 
xi coordinate operator of the center of the orbit described by the particle) and 

(eS)i/4 



MO 



-e 2 



Hn{0. 



7rV42«/2(^!)i/2' 

are the Hermite functions multiplied by {eBY^^. 

The time dependent Green function in the Furry picture is 



(4) 



anx,x') 



for t > t' 



G{x,t,x',t') = < 



(5) 



q 



^„"(x,x') for t<t' 



where q denotes the set of quantum numbers (p2,P3,n), indicates integration on 

q 

P2,P3 and sum over n = 0, 1, 2, ... and (the bar means Dirac adjoint). Here 
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n,P3 



where 



A. 



^ Cn—l,n—li,^n,p[i) 



Dn-l,n-l 
\ —En,n-1 



—Dn-l^n-l 
En—l,n l,n— 1( ^n,p3j 







Dn,n 





and 



Ck,k'{£n,p3) = {£n,ps ± m)iJk{Oi^k'{^'), Dk,k' = ±P3V'fc(0^fc'(0> 

It is understood in ([5]) that = 0. Taking the Fourier transform in time of 

([5]), and making the continuation pq — )■ —ip^ + fi, we get for the Fourier transform of 
the solution of ([I]) 



G{-ipi + /i, X, x') 



+ 



(7) 



-IPA + /i - en,p3 -2^4 + /Lt + e„,p3 

After muhiphcation by e*^*^* and summation over p^ we have the following expression 
for the temperature dependent Green function: 



,q IX, X 



G(x,x') = [Men,p3) - l)e-(^"-3-M)(-4-xi)^+(^^x. 

G(x,x') = ^ [ne(e„, 

-(rip(e„,p3) - l)e(""-3+'')(-4-<)e;-(x,x')l for < x\ 



for X4 > X4, 
(8) 



)g-(e„,p3-/.)(x4-<)^+/^^ X') 



where 



"n-e{,^n,p^ 
^pi_^n,p3^ 



1 



X _)_ g(en,P3-At)/3 ' 
1 



X _|_ g(en,P3+M)/3 ' 

are the mean number of fermions and anti-fermions, respectively. 

Later we will be interested in the massless and 2D limits of the Green function (IH]). 



(9) 



3. Current density and conductivity from the photon self-energy 

This section is devoted to obtain the general expression of the conductivity tensor for the 
quantum relativistic fermion plasma which is linear in the perturbative electromagnetic 
field A^. In Euclidean variables we have the Maxwell equations D^^^A^ = j^{A), where 
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Our starting point will be the linear term in in the expansion of j^{A) in powers 
of Ax, the coefficient being the photon self-energy tensor. The current density can be 
written as 

j, = ni,A, = YijEj, z/ = l,2,3,4, 2 = 1,2,3, (10) 

where Ej = i{uAj — kjAo) is the electric field of the electromagnetic wave, A4 = iA^, 
ki = iuj and Yij = T^ij/iu is the complex conductivity tensor or admittivity, and the third 
term in (fTO|) comes from the second one by using the four-dimensional transversality of 
TT^v, TT^i/^i/ = 0, due to gauge invariance. 

We are interested in the real conductivity which can be expressed in terms of the 
imaginary part of the photon self-energy and the frequency as cr^j = ImTTjj/o; |39] . 

The components of the photon self-energy tensor in the case of non zero temperature 
and density and in presence of the external magnetic field B can be obtained from 

y) = e^Tr J ^^G{x, z)T,{z, y\ y)G{y', x)dhd'y'. (11) 

G{y', x) is the Green function of the charged fermions obtained in section I and T^, is the 
vertex function which in one loop approximation has the form T,^ = 'juS{z — y')6{z — y). 

In [39]- [ID] it was obtained the expression ( ITTl) for electron positron plasma. 
Details of the calculations can be seen there. In that paper it was shown that 
TTfj^iy can be expressed as a linear combination of the six four- dimensional transverse 
tensors, four of them symmetric and two antisymmetric with respect to the indices 
/i, z/, TTf^i, = Ylt=i''^^^^fiu- The scalar coefficients vr^*) in that expansion are expressed 
in terms of six scalars functions p,t,s,q,r and v [39] (after the dimensional reduction 
3 + 1 — !■ 2 + 1 the scalars q and v vanish and the number of independent scalars is 
reduced to four, p, t, s, r). By studying the analytic properties of n^i, it was proved that 
the imaginary components of its symmetric part are due to the singularities produced 
by the photon absorptive processes (excitations of the electrons and positrons and pair 
creation), whereas the imaginary part of its antisymmetric terms is connected with 
the interaction of the net charge and current of the electron-positron system with the 
external magnetic field. The first mechanism contributes to Ohm conductivity whereas 
the second, to Hall conductivity. 

Let us note that all these arguments can be extended to our present calculation 
and the contribution to the current density ji in the equation ( [T0|) due to conductivity 
can be written then in the general form as 

J- = 4 + {Ex S)i, (12) 

where cr°- = Imn^j/u and Si = ^e^-^'^crjl is a pseudovector associated to a^. = lm.7i:^/u, 
Ti^j, TTj^ are the symmetric and antisymmetric parts of the spatial photon self-energy. The 
first term in fll2p corresponds to the Ohm current and the second is the Hall current 
E is the electric field corresponding to the electromagnetic wave eigenmodes of vr^j,. 
Let us consider the specific case when the electric field E is due to a transverse mode 
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propagating along the magnetic field B, and thus E is perpendicular to B and does 
not depend on the components fci,/c2 (B || k-^). The expression for the conductivity, 
according to [?T], is 

(jy = cr^DSij + e'^a^jy, (13) 

where e*-' is the antisymmetric 2x2 unit tensor, e^^ = — e^^ = 1 and (Xg^ = Imt/u, 
= Imr/u and the expressions for the scalar quantities Imt, Imr were found in [41j . 
Let us take the limit m — )■ 0, that is, let us consider a version of QED in the fermion 
massless limit. This would require a more detailed discussion, since chiral invariance 
appears and also the Feynman diagrams and renormalizability must be discussed in the 
new context. We assume that limit as satisfactory and proceed with its consequences. 
We have now 

47r V(^i + 2e5(n -n'))2 + 42;i£„,o 

where 

T = zi + 2eB{n + n), zi = {kl-u^), (eg) = ne{eg) + np{eg) , 



-uzi + \k^\J{zi + 2eB{n - n')Y + AziSnfi /-—pr- 

, £n,o = V2eB7 

2zi 



and 



e^Bu °° f T 

Imr = — ^ (5n,n'-l -^n-l,n') / dp3-rT^Men,ps) -Up^En^p^)), (15) 



n,n'=0 



\Q\^ = [2p3k3 - zi + 2eB{n - n')] - 4:Uj\2eBn). 

It is easy to prove that in the static limit u = 0, k^ = 0, the conductivity tensor becomes 
completely antisymmetric (cTg^ = 0), because the term Imt/u vanishes in that limit [H] 
and the conductivity is o"jj = cr|^e*-'. However, the Hall conductivity is non zero in the 
same limit and it has the form 

^3D = Y^^Oin / dp3{ne{en,p3) - np{£n,pi)), = 2 - (5on. (16) 

The expression ( fT6l) is valid for the massive as well as for the massless limit. If the 
system is C-invariant, as in a neutral gas of electrons and positrons, /i = and it 
implies (t|^ = 0. No Hall current is excited. But if the system is not C-invariant, as 
it happens in ordinary matter composed from charged baryons and leptons, this is not 
the case (see below). At zero temperature and for /x > (/i < 0) the contribution of 
antifermions (fermions) is zero, the fermion gas is completely degenerate, and cr|^ takes 
in the massless case the form 
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n=0 

±^^anV/x2-2eEn. (17) 

n=0 

where = /(/i^/2ei?), and 6'(x), /(x) are the step and the integer functions, 
respectively. Obviously, for fi < y/2eB only the lowest Landau level (LLL) is occupied 
and = ±^/^ does not depend explicitly on B. However, if the density is fixed, 
/X depends both on and on B . But if fi is fixed, the condition of occupying only the 
LLL is always achieved by choosing B large enough. Actually, this is valid even in the 
massive case, as is seen if in the previous inequality is replaced by /i' = ^/JiF^^mFc? 
as the effective chemical potential. 

We must emphasize that the properties of ( |T6i) -( |T7l) come from the scalar r which as 
well as other components of tt^i, emerge from the relativistic, charge conjugation, parity 
and time reversal CPT and gauge invariance of QED. 

Our next step will be to obtain the relativistic 2D Hall conductivity which describe 
a graphene-like system. 

4. 2D massless fermion conductivity 

Let us describe the 2D massless QED behavior as an effective 2D theory, which is 
obtained from the 3D one, after dimensional compactification. To that end we assume 
that the coordinate z is compact with a certain compactification length L3; that is, z 
varies in the interval < 2; < L3, and points 2; = and z = are identified. The 
momentum along the z direction will be then quantized ^3 = 27rs/L3, s = 0,1,2,..., 
and below the energy scale Eq = 2tt/L3 only zero modes with s = (corresponding 
to ps = 0) are relevant, i.e. the theory is effectively two-dimensional. In this reduced 
space, the external magnetic field B behaves like a pseudo-scalar. In this section we will 
return to units c, h = 27Th, starting from equation ( l2Ti) . 

The mentioned zero modes with P3 = satisfy then the reduced Dirac equation 

-f^{d^ + ieA,y)G{x, x'\A) = 6{x - x'), (18) 

where p = 1,2,4, and the corresponding energy eigenf unctions are the m = 0, p^ = 
limits of ([2D 





/,± (^] — - JP2X2 





y ±t{2eBny/^e-lM0 J 



(19) 
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MO 

T^{2eBny/'e;^l^^.^{0 

V J 



The eigenvalues = ±1 are now interpreted, from the 2D point of view, as the 
pseudo spin quantum numbers, and the energy eigenvalues are simply 



Enfl = V2neB. (20) 

Let us remark that as different from the 3 + 1 QED in which there is only one 
4x4 irreducible representation for the Dirac 7-matrices, in 2 + 1 dimensions [19] there 
are two 2x2 inequivalent irreducible representations of 7-matrices (which in graphene 
correspond to two points of the Fermi surface, K and K' describing respectively states 
on sublattices {A , B) of the hexagonal lattice). Therefore, the dimensional reduction 
we have made correspond to the sum of these two 2x2 irreducible representations. 
However, from fl20|) . which is the 2D + 1 limit of ([2]), we see that to each spin state ±1 
correspond two (obviously inequivalent) positive and negative energy eigenstates 0^. 
All the expressions obtained previously from the photon self-energy are translated 
immediately to the 2D case. For instance, in the static limit a; = (^3 = by 
assumption), and to obtain the zero mode 3D Hall conductivity we should substitute 
in (|T5|) = 2tts/L-^, replace the integral over by a sum over the integers s and 
retain only the s = term. Then, the corresponding zero mode 2D Hall conductivity 



^^20 = ^3(^30 is 



H 



a. 



2D 



Lslmr 



9 00 



— > an{ne{en,o) - np{en,o))- 



h ^ 

n=0 



(21) 



At zero temperature, for positive (negative) chemical potential > (yU < 0), 
the contribution of antifermions (fermions) is zero, the fermion (antifermion) gas is 
completely degenerate. Taking into account the spectrum energy ( l20l) and by considering 
that the chemical potential is < \fi'^\/2eB < + 1, we obtain for o"^ 



^2D 



h 



^ g2 / 

n=0 ^ 



6 ^ 

2jan6'(/U + e„,o) 



n=0 



4 



n, 



1 

+ 2 



for /i > 



for /i < 



.(22) 



The expression fl22l) describes the anomalous Hall conductivity of the 2D relativistic 
massless fermions and antifermions. 
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4.1. Thermodynamical potential for 2D fermions 

The Hall conductivity obtained before can be derived from the 2D thermodynamical 
potential which is obtained from the 3D expression [16] and has the following form 

= 1^(1 + e-(^-''-^)'')(l + e-(^-°+'^)^). (23) 

^ n=0 

The particle density is = — for the 2D system at zero temperature has the 

form 

eB °° 

71=0 

The expression for the density (!24l) shows a non-zero value at the LLL. This leads 
to the so-called magnetic catalysis (MC) phenomenon, a chiral symmetry breaking 
determined by the dimensional reduction of the charged system in a magnetized medium 
|28] . Consequently the absolute value of the 2D Hall conductivity f l2^ has a minimum 

2 2 

value of order 2^ for small fi > T ^ such that < ^ < 1. 

In presence of an uniform electric field it has been proved in [25] that the minimum 
quantum conductivity in graphene is 4e^//i. 

It is possible to rewrite the Hall conductivity f l22|) in terms of the particle density 
as given by the well-known classical expression [50] as 

H ecN2D 

^2D = ^ , (25) 

which is a result obtained for 3D Hall conductivity but we take now as the 2D density, 
(number of particles per unit area). 

This result agree with the calculations presented in [21] where the authors have 
started from the effective action of the 2D fermion gas in presence of a magnetic field 
which is equivalent to the treatment of the thermodynamical potential as a way to 
confirm that our results, obtained through the photon self energy, are in agreement 
with the more usual form of dealing with the Hall conductivity. 

Previously we have dealt with a C-invariant system of particles-antiparticles (as 
electrons and positrons) being their chemical potentials /Xe = /U, /^p = — in the frame 
of QED at finite temperature. As we want to understand our results as a graphene- 
like system, we note that for graphene the electron-hole subsystem behaves also as 
C-invariant [51]. Thus, we must replace the positron distribution rip by the hole 
distribution Uh in (I2T]) ). We get then at T 7^ 0, that if /i = 0, the carrier density 
Ne,h = J2'^=o C(n{ne — Tih) = and in consequence (t|^ = 0, the Hall conductivity 
goes smoothly to zero when the chemical potential swaps from negative to positive 
values [TSl. 
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4-2. Graphene half-integer Hall conductivity 



Expressions ( l22|) . ( l25|) can also describe a graphene like half-integer Hall conductivity 
by substituting for the values of the typical parameters of graphene. In addition to the 
the spin degeneracy, an extra factor two comes from the sublattice- valley degeneracy in 
graphene. Also the substitution c ^ Vp/c, where vp is the Fermi velocity must be made 
in the energy eigenvalue equation and in other corresponding places). Finally we get 
the well known expression for the graphene Hall conductivity (measured in c.g.s. units) 
as 



cr 



H 



1/2), 



(26) 



In Figs. 1 and 2 we have plotted the Hall conductivity as a function of magnetic 
field and density for typical values of the experiments where QHE has been observed. 
As can be seen, the degenerate limit (T = 0) describes quite well the behavior for 
T -C Tp which, is fulfilled for graphene-like system where the effect is observed at room 
temperatures (300 K) with densities of 10^^' 
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Figure 1. Graphene-like Hall conductivity (measured in /h units) as a function 
of chemical potential ^ for S = 1.4 * 10^ G, T = K (dashed line) and T = 15 K 
(continuous line). We use vf = 1-0 x 10* cm/s, which leads to an energy scale (given 
in units of temperature) ^ ^^^{K^) = 8.858^B(G). 



5. Conclusions 



To summarize, we have presented some kinetic properties of the 3D quantum relativistic 
massless fermion gas in presence of the magnetic field, due to the C non-invariance of 
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5 10 15 20 25 

B [10^* G] 



Figure 2. Graphene-like Hall conductivity (measured in e^/h units) as a function 
of magnetic field i? for = 2 x lO'^ K, T = K (dashed line) and T = 15 K (continuous 
line) . 

the system, and we have obtained the conductivity tensor in the static hmit showing 
that it is completely antisymmetric, since the Ohm conductivity vanish ctq = and the 
Hall conductivity remains as different from zero at the limit of zero temperature. With 
the aim to study 2D relativistic system we have introduced an ansatz: the dimensional 
compactification of ^-dimension allowing to obtain the Hall conductivity of the system 
showing the plateaus. From this framework it is possible to obtain the graphene-like 
half-integer Hall conductivity, if an extra degeneracy factor two, due to the sublattice- 
valley of graphene, is introduced. Our results are in agreement with the results of 
[11]- [21] where the Hall conductivity was obtained. The absolute value of graphene 
conductivity, as well as the 2D relativistic Hall conductivity, exhibits a minimum value 
of order e^/h. This phenomenon is connected to the magnetic catalysis mechanism [28] . 
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